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M.Sc. DEGREE (C.S.S.) EXAMINATION, MAY 2018

Fourth Semester
Faculty of Science
Branch I (A) : Mathematics
MT 04 C16—SPECTRAL THEORY
(Programme—Core—Common for all)

(2012 Admission onwards)

Time : Three Hours Maximum Weight : 30
Part A

Answer any five questions.

Each question has weight 1.

1. Suppose (xn) is a sequence in a normed space X such that X, % 5 4. Show that the weak limit

x of (x,) is unique.

1
2. Suppose T:[1,0)—>[1,o) defined by Tx =x+ . Show that | Tx — Ty| <| x — y | when x = y, but

the mapping has no fixed point.
5 4
3. Find eigenvalues and eigenvectorsof | { o |-

4. Let X be a complex Banach space. Let S and TeB(X,X). Then show that
R, -Ry =(u-2)R,Ry, 2, pep(T).

5. Define compact linear operator. Let X and Y be normed spaces. Prove that every compact linear

operator T:X — Y is bounded.

6. Let X and Y be normed spaces and let T:X — Y be a compact linear operator. Prove that the

range R (T) is separable.
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7. Let T:H — H be abounded self adjoint linear operator on a complex Hilbert space H. Then prove

that all the eigen values of T (if they exists) are real.

8. Let P; and P, be projections of a Hilbert space H onto Y; and Y5, respectively, and P; P, = P,P;.

Show that P; + P, — P,P, is a projection of H onto Y; + Y2.

bx1=5)
Part B

Answer any five questions.

Each question has weight 2.

9. Let X be a normed space. Prove that x, —*  x if and only if :
(i) The sequence | (x, )| is bounded.
(ii) For every element f of a total subset M = X' we have f (x,) — f (x).
10. Let X and Y be two normed spaces. On the product space X x Y define :
@ [ (=) |=l=]+]y]and

® | () |=max{ =], | ¥}

Verify that (i) and (ii) are norms in X x Y.
11. State and prove Banach fixed point theorem.

12. Prove that all matrices representing a given linear operator T :X — X on a finite dimensional

normed space X relative to various bases for X have the same eigen values.

13. Prove that the spectrum o (T) of abounded linear operator T on a complex Banach space is closed.
14. Show that for any operator TeB(X,X) on a complex Banach space
k
X, 75 (aT)=arg (T), and 7, (Tk ) =[r (T)]" (k € N) where r, denotes the spectral radius.

15. Let T be linear operator defined on all of a complex Hilbert space H and satisfies

(Tx, y) =(x, Ty) for all x, y € H. Prove that T is bounded.
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16. Prove that a bounded linear operator P: H — H on a Hilbert space H is a projection if and only if
P is self adjoint and idempotent.
(5 x2=10)
Part C

Answer any three questions.
Each question has weight 5.

17. State and prove open mapping theorem.
18. State and prove spectral mapping theorem for polynomials.
19. Let B be a subset of metric space X. Then prove that :
(i) IfBis relatively compact, B is totally bounded.
(i1) IfBis totally bounded and X is complete, B is relatively compact.
(iii) If B is totally bounded, for every c >0 it has finite c-net. M, c B.
(iv) If Bis totally bounded, B is separable.
20. (i) Provethat the set of eigenvalues of a compact linear operator T : X — X on a normed space X
is countable and the only possible point of acccumulation is A = 0.
(i) Let T:X — X be a compact linear operator and S: X — X a bounded linear operator on a
normed space. Then prove that ST and T'S are compact.
21. Let T:H — H be a bounded self-adjoint linear operator on a complex Hilbert space H. Prove that

anumber ), belongs to the resolvent set p (T) of T if and only if there exists a ¢ >0 such that for

every x e H, | Ty x||>c| x|, (T, =T -AI).
22. Let H be a Hilbert space. Let P;, P, be projections on H. Prove that :
(i) P=PPy is a projection H if and only if the projections P, and P, commutes. Then P
projects Honto Y =Y; nY,, where Y; =P, (H),i=1,2.
(i) Two closed subspaces Y and V of H are orthogonal if and only if the corresponding projections

satisfy PyPy =0.

(iii) The sum P =P, + P, is a projection on H if and only if Y; =P; (H)and Y, =P, (H) are
orthogonal.

B3 x5=15)

3/3

Il



		2018-05-23T18:21:50+0530




