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Part A

Answer any five guestions.
Each question has weight 1.

1. Show that the graph of any function f:R" — Ris a level set for some function F:R**! S R.
2. Show that the gradient of fat Pe £~ (¢) is orthogonal to all vectors tangent to /™~ (c) atP.

3. Define a geodesic. show that the parametrized curve « () =(ecos (at + b), sin (at + b), (cf + d) isa
geodesic in the cylinder xf + 23 =1in RY,

4. Define Gauss Map and Spherical image of an oriented n-surface S.

5. Showthat V, (X+Y)=V, X+V, Y for all smooth vector fields X and Y on S,

fi. Detfine a global pafamet.rizatinn of an oriented plane curve C.

7. Find the normal curvature k(v) for each tangent direction v at the point p=(L0.......0)
of %1 F Ko copsnuran + %y .1 =1 oriented by vff |'|.,.?f||' S By
i N CAS) L T e +X. .1

8. Define a parametrized n-gurface in R " * *. Give an example.

(B=x1=451)
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Part B

Answer any five guestions.
Each question has weight 2

Find and sketch the gradient field of [ {xll, Xy)=x — xE

Show that the cylinder af + x5 =1 can be represented as a level set of £ (2, xp, xq) = — xf — 25,

Describe the spherical image when n=1 and when n =2 of the n surface %3 +....... xf_“: b1 =1
oriented hy V £ ""i" ﬂ| where 715 the function v_-:é' s o x:+ i

F'ind the velocity, the acceleration and the speed of o (t) =(cos t,sint, ),
2
Compute ¥y X where v <R}, X (x1: %2) = (21, 39, % %5, % ), V=(1,0,0,1) andn=1.

For each 1-form w on U{U upmin[{”“) show that there exist unigque functions

R+l
fF:U--J-R{iE{l,E, ...... n+1}) such that w:x i d x.

i=1

Find the Gaussian curvature K5 —+ R where 5 is the surface given by :cf' E 1:; - x:*; =0 % >0.

State and prove inverse function theorem for n-surfaces.
(hx 2="10]

Part C

Answer any three guestions.
Kach guestion has weight b

Let Ube an opensetin R**' andlet f:U— R be smooth. Let pe U be a regular point of f and

let ¢ =[ (p). Prove that the set of all vectors tangent to £~ (¢) at p is equal to [? i p}]i .

Let 8 be an n-surface in R"*?, let pe8, and let v =85, Prove that there exists an open interval
Ieontaining 0 and & geodesic a:1-» 8 such that (i)« (0)=p and & (0) =v : Gi} If 21 8 is any

other geodesic in § with B (0)=p and f(0)=v, then I =1 and ()= (t) forall 1T
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Prove that the Weingarten map L is self-adjoint.

2
X X
7 g dn+ g gds

Let n be the 1-form on R* - {0} defined byv=—

Prove that for o : {a, b} - R* — |0}, any closed piecewise smooth parametrized curvein R* — {0},
L n==2ak for some integer k.

Let =1 — R**! be a parametrized n-surface in R"*! and let pEIj.

Prove that there exists an open set U; « U about P such that ¢ (Uy) is an n-surface in R" +1
Prove that on each compact oriented n-surface S in R**? there exists a point p such that the

second fundamental form at p is definite.
{3 x 5= 15)




