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Part A

Answer any five out of eight questions.
Each guestion has weight 1,

1. Define an integral curve of a vector field. What do you mean by a maximal integral curve of a
vector field ? =2

2. Bhow by an example that the set of vectors tangent at & point p of a level set need not in general

be a vector subspace of R}™ oo

3. Define a geodesie-and show that geodesics have constant speed,

4. Define a Levi-Civita parallel vector field. Also show that if X and Y are two Leovi-Civita parallel
vector fields along a, X. Y is constant along o.

5. Define global parametrization of a plane curve.

6. Define a differential 1-form on an open set {7 = R"**1. Define the 1-form dual of a vector field
Xon Tl ;

7. Define the second fundamental form of a surface 8. Also define the Gauss-Kronecker curvature of
a surface at a point p.

8. Let ¢ be the map from the open square 0<8 <2n,0<¢ <2x into R? defined fora > b > 0 by :

6 (6, ) ((a +beosd) coss, (a + boos) sin 8, bsing) . What is ¢~ ?

(6x1=A5)

Turn over




10.

11,

12,

13,

14.

15.

16.

17.

18,

Find the integral curve through p=(1,1) of the vector field given by X (%, x5) =(xg, %1 ).

Let S R"**! be a connected n-surface in R" * !, ghow that there exist on S exactly two smooth

unit normal vector fields N, and Ny and N, (p) = =N, (p) for all pe8.
Describe the spherical image when n = 1 and when n = 2 of the n-surface oriented by Vf'/| V£ ||,
where fis the function defined on the left side of the equation —xf + xg LT x;‘: +1 =05 =0

Let S be an n-surface it R** 1, p.ge8 and let a be a piecewise smooth parametrized curve from

p tog. Prove that the parallel transport Pz :8p — 3, along a is a vector space isomorphism which
preserves dot products.

Compute Vv f, where g. R"1 , R, Ve R;u, peR*! given by :

f(xy,2g) = xf = -"-'ﬁ. v=(1,1, cos®,sinb), n =1.

Find the global parametrization of the plane curve oriented by Vf /| V f |, where fis the function
% g
defined by the left side of the equation ;ﬁ + Eﬁ— 2la20,b0.

Find the Gaussian curvature of the parametrized z-surface ¢(z, 8) =(cosb, sin6, £),

Let V be a finite dimensional veector space with dot product and let 1. V  V be a self-adjoint

linear transformation on V. Show that there exists on orthonormal basis for V consisting of eigen
vector of L.

(bx2=100
Part C

Answer any three out of six guestions.
Eneh question has weight 5.

State and prove the existence and uniqueness theorem for integral curves for smooth vector fields.

Let 8 be an n-surface in R** 1, a : I = S be & parametrized curve in 8, toe] and vel, (ts) -
Prove that there exists a unique vector field V tangent to S along a, which is parallel and has
V(to)=v.



riented p

. € curve prove that there exists a global parametrization of C, if and on v
if C is connectad.

21. {a) Find the Gauss-Kronecker curvature of g cylinder over an n-surface.

(b) State and prove inverse function theorem for n-surfaces,

22. LetSbheann-surfacein R"*+1ang letf:S — RA Prove that [ is smooth if and onlyif fepoy_y gt

is smooth for each local parametrization ¢ : U — 3.

(3x5=15)



