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Part A

Answer any five guestions.
Each guestion carries weight 1.

. Define weak eonvergence. Show that the weak limit of the sequence (x,) is unique.

Show that uniform operator convergence T, - T, T, e B(X,Y) implies strong operator
‘convergence with the same fimit.

Show that the spectrum of a seif adjoint linear operator in a finite dimensional inner product space
iz real.

Bhow that the set of all linear operator on a vector space into itself forms an algebra.
Prove that : T:{* — /% defined by T{C,j} =(&; 4 j) for j=1,2.. is compact.

Let X and Y be normed spaces. Show that every compact linear operators are continuous.

Show that the difference of two projections P, - P, is a projection on & Hilbert space H if and only
if By <P

Show that the residual spectrum o, (T) of a bounded self-adjoint linear operator T on a comyplex
Hilbert space is empty.
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Part B

Answer any five questions.
Each question carries weight 2.

Show that in a finite dimensional normed space, weak convergence of a sequence implies strong
convergence.

Stale and prove closed graph theorem.

Let X and Y be normed spaces, T'e B(X, Y)and (x,) a sequence in X. If x, —=> xp, show that
T P,

Show that the spectrum of a bounded linear operator on a complex Banach space is compact,

Suppose that A is a complex Banach algebra with identity. Show that the set of all invertible
elements of A is an open subset of A.

Find o (T) for the operator T:C[0,1] - C[0, 1] defined by Tx = vx, where ve X is fixed,

Prove that a self-adjoint linear operator T defined on all of a complex Hilbert space is bounded.

Show that the residual spectrum o, (T) of 2 bounded self-adjoint linear operator T:-H > H on s
complex Hilbert space H is empty.
(B x2=10)
Part C

Answer any three guestions.
= Each question carries weight 5.

State and prove open mapping theorem.
Let T be a bounded linear operator on & complex Banach space. Show that the spectral radius :

e (T)= lim i7", *
M =0
Let TeB(X, X), where X is a Banach space. If [T} <1, then prove that (1-T) ! exists as a

bounded linear operator on the whole space X and (1-T) = i ™.
i=0
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20. Let T:X —X be a compact linear operator on a normed space X. Show that for every

A=0,R (T - Al) is closed.

21. Iftwo bounded self-adjoint linear operator S and T on a Hilbert space H are positive and commutes,
then show that ST is positive.

22. For any bounded self-adjoint linear operator T on a complex Hilbert space H, prove that :
= sup [(Tx, x|
ITy= sup (T, )

{(38:% B.= 15)




