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Part A

Answer any five questions.
Each guestion corries 1 weight.

Definc a vector space. Is R a vector space over €, the complex field.

-9, Verify whether (3, -1, 0, -1} in the subspace of RE spanned by the vectors (2, - 1, 3, 2},
(-1, 1, 1, -3) and {1, 1, 9, -5, :

3 Describe the range and null space of the ditferentiation transformation.

4. LetTbe the linear operator on RZ defined by T(x, xz} ={~*z, %; ). What'is the matrix of Tim the
standard ordered basis for R%. '

6. Provethata linear combination of n-linear functions is n-linear.

0 a bl
6. IfK is a commutative ring with identily and A is the matrix over Kgiven by A= [ 2 0 e
Show that det A = 0. G “J
Prove that similar matrices have the same characteristic polynomial.
8. Find a3 x 3 matrix for which the minimal polynomial is x2.
{(Exl="h

. PartB

Answer any five gquesizons.
Each question carries 2 weighi.

9. Let V be the vector space of all 2 % 2 matricey over the field F. Let W, be the set of matrices of the

I a b
'—\- Prove that W, and W, are

X X
form { % z] and W, be the set of matrices of the form [

- C

subspacas of V and also find the dimension of W, Wy,
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Lot Vand W he vc::ﬁu:r;" spaces over the fleld F and [et T bo 8 inear transfurmation from Vinto W,
Buppose that V is finjte dimensional. Prove that rank (1 + tplity (T} = dim v
Let W be a finite dimeans ional vector space aver the field F, and let W ho 8 subspace of V. Show that
dim W + dim W* = dim V.
Let ¥V be a finite-d; mensional vector space over the field F. For each veetar o m Vo define
L1 = fia), feV*. Show that the mapping o —» K. is an isomorphism of V onto Ve,
Let o and 1 be the permutations of dogree 4 defined by M =2 0, =8, g =4 ay=11 =3
12=l.1:3=2,1:4=4.' ;
ta) Is g odd vreven 7 Is v add 0T even.
() Find ot and 1o,
Let T ba a linear operator on a.ﬁnit&dim&n;-jiuna] vector space V. Lot Ci: €2,...6; be the distinet
characteristic value of T and Let W, be the null space of (T-gI). Show that the following are
equivalent :
(i) Tisa diagonalizabie..
if) The characteristic polynomial for T iy Fet-a). (x-c)™ and dim W, = ay,
51,2 . F.
(iii) dim W +.. +dim W, =dimV.
Find an invertible real matrix P such that P-IAP and P-IBP ape both disgenal, where 4 and B are
vt -f3 3} 5[} 3]
Let Vbes finite-dimensional vector space and let W, .. & be subspaces of V such that
VeWova W, and dim V = dig W, + ... +dim W,. Prove that vV = W,e.aw,.
Bx2=10)
Part C
Answer any three Fuestions.
Each question carries 5 weight,
Let W be the subspace of 03 spanned by oty= (1, 0, {) and do={1+{ 1, 1)
{a) Show that @, and o, form a basis for W.
{b) Show that the vectors By = (1, 1, 0) and Ba=(Li 1+ arin W and form another haais for W,

(e} What are the co-ordinutes of %y and o, in the ordered basis {B1. B2} for W,

(1) IetVhean n-dimensional vectar fpace over the field ¥ and let W be an m-dimensional vector
space over F. Prove that I. (V, W} is Bnite dimensicnal and has dirnension mn.

(B} Iffis a non-zero linear functional on the vector space V. Prove that the null space of fis 2
hyperspace in V. Alsg prove that every hyperspace in V js the null space of a non-zero lingar
fimetional on V, ;
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fal LetV bea finite dimensional veelor space over the field Fand lot, {oy, 05, .. 11, | be anordered

baais for V. Let W be a vector space over the same field F and let B;, Bu,... B, be any veclors
in W, Prove that there is preciscly one linear transformation T from V into W such that
Tz, = By torj=1,2, ... m.
(h)' Prove that every n-dimensional vector spave over the field ¥ is isomorphic to the space F=
fet & be an i x n mafrix over &, Prove that A is invertible over & if and only if det A i5 invertible
in k. Also prove that when A is invertible A7 = (det A)L adj A Here B is o commutative ping with
identity.

State and prove Cayley-Hamilton theorem for linear operators.

. {a) LetV be a finite-dimensional vecior space vver the ficld ¥ and let T be a linear operator on V.

Prove that T is triangulable if and only if the minimal polynomial fer T is a product of linear
polynomial over F.

(b} Tind a projection F which projects R? onto the subspace spanned by (1, — 1) along the subspsce
spesnned by (1, 2}



