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Part A

Answer any five guestions.
Each question carries 1 weight.

1. Define a measurable set. If M*(EI = 0, show that E is measurable.
2. Ehow that K;"’n.'ﬁ = X‘A +KB —Xﬁ 'KB.

{0 xirrational U b
¥ ' '{-—I Rj dx=0— d B flx)dx =10,
3, Show that if fix} T = Fational— then B if{ﬂ 0 —C an | flxhdx

o

Show that we may have strict inequality in Fatou's lemma.
Define a measurable space and a measure pon a measurable space.
Show that the union of a countable eollection of positive sets is positive,

Show that if f, - fa.u, then f, — fae

o - L

8. X, B, i) and (Y. v u] be o-finite measure spaces, define the product measure B *U on 8xT:
(F=x1=5)
Part ®

Answer any five guestions.
Eoch question carrics 2 weight.

9. Show that the interval (a, =) is measurable.
10. Give an example of a non-meagsurable set. Justify your answer.
11. State and prove bounded convergence theorem.

i2. State and prove Lebesgue convergence theorem.
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Show by an example that Hahn decomposition need not be unigue.
Let {f,} be a sequence of non-negative measurable functions and let fbe a measurable function
such that f,, = f is measure. Show that [fdy < liminf [ £ du.
Prove that the class of elementary sets is an algebra.

(5% 2=10}
Fart C

Answer gy three guesiions.
Each question carries b werght,

{a) Show that cuter menasure of an interval is its length.
(b) Prove that every Borel set is measurable.
{a) State and prove Monotone convergence theorem.

{b} Show that manotone convergence theorem need not hold for a decreasing sequence of functions.
{c} Let fbe a non-negative measurable function. Bhow that [f =0 mmphes f=0ae.
Tet fbe an increasing real-valued function on the interval [a, 8). Prove that fis differentiable a.e.,

&
the derivative 1 ia measurable and [ /(@) dx < f(B) - f(a).
o
{a} State and prove Hahn decompesition theorsm.
(L} Show that Halin decomposition is unique except for null scts.

Prove that the calss B of p* measurable sets is a c-algebra. Also prove that if i p* restricted to

B, then T is a complete measure on B.

Let [X,8,u] and [V, 3, 0] be a-finite measure spaces. For V ¢ 8 x 3 write 6lx)= u(Ve),
wizt=p{y?) for each a< X,y Y. Prove that ¢ is S-measurable, y is 3§ measurable and
[ 4= | wdo.
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(3% 5=15)



